Abstract. Steady-state and transient regimes of ultrashort pulse generation are studied for cw solid-state lasers with mode locking by self-focusing. It is shown that the control parameter, which governs the nature of lasing, is the relationship between self-phase-modulation and the saturation intensity of an efficient shutter, induced by the Kerr selffocusing. Numerical modelling based on mapping the parameters of a quasi-soliton ultrashort pulse, considered in the aberration-free approximation, yields results in good agreement with experiments.
Transient ultrashort pulse generation, particularly in cw solid-state lasers with mode locking by self-focusing, is attracting ever increasing interest of investigators. This process is of interest for its own sake and also as providing means for the control of the ultrashort pulse parameters and for the generation of stable extremely short pulses under steadystate conditions. The latter is related to the circumstance that the regions of steady-state generation of ultrashort pulses are adjacent to the regions of transient generation. Therefore, the required generation regime can be selected when the characteristic features of the transient regimes and their relative positions in the space of the laser parameters are known.
The transience of such generation is closely related to the stability of ultrashort pulses, which is governed directly by the feasibility of formation of a quasi-soliton in a laser. This quasi-soliton is regarded as a steady-state solution of the dynamic Landau^Ginzburg equation [1] or of the Schro« dinger equation [2] . In both cases the dominant factors are self-phase-modulation (SPM) and the group-velocity dispersion [2, 3] . As shown in Ref. [3] , the main requirement for the stabilisation of ultrashort pulses is a negative net gain outside a pulse, which is possible in systems with rapidly relaxing losses and gain, for example, in dye lasers. In modern solid-state lasers the Kerr self-focusing (lensing) in the active element creates rapidly saturable losses (see the review in Ref. [4] ), whereas gain saturation in these lasers is much less effective. Under certain conditions this leads to destabilisation of ultrashort pulses even when the net gain outside a pulse is negative (this is known as self-modulation instability). The nature of destabilisation cannot always be explained within the framework of the linear theory of stability used, for example, in Refs [5, 6] , because a system with mode locking by selffocusing is subject to a multitude of nonlinear instabilities which may be of regular or chaotic nature [7, 8] .
For this reason we investigated self-oscillatory ultrashort pulse generation on the basis of a numerical experiment based on pass-by-pass mapping of the parameters of a quasi-soliton ultrashort pulse [9] . Moreover, as shown in Ref. [10] , generation of oscillatory ultrashort pulses with periodically varying spectral characteristics is possible in a solid-state laser with mode locking by self-focusing. We shall show that a description of this regime requires taking into account the third-order group-velocity dispersion.
The base equation for an analysis of laser dynamics, on the assumption that changes in the field parameters during a single pass through a cavity are small, will be the nonlinear Landau^Ginzburg equation [1] 
where a( k, t) is the amplitude of the lasing field; k is the serial number of a pass through the cavity; t is the local time normalised to the reciprocal of the width of the gain band of the active medium t g (for a titanium-doped sapphire laser, the latter is t g 2X5 fs); a is the saturated gain; l are the linear losses in the cavity (l 0X05 in our case); d is the coefficient of the second-order group-velocity dispersion, normalised to t 2 g . For convenience, we shall normalise the intensity of the lasing field to the SPM coefficient 2pzn 2 aln on the assumption that
where n 2 is the nonlinear refractive index; l is the lasing wavelength; n is the refractive index; z is the length of the active medium (z 0X5 cm in our case); a 0 is the intensity at the maximum of an ultrashort pulse. In Eqn (1) the quantity
is the normalised reciprocal of the intensity needed for suppression of the diffraction losses (`bleaching') in the cavity by self-focusing, which varies because of changes in the cavity configuration (this parameter increases as a result of a shift to the boundary of a cavity stability region and decreases when the shift is into the interior of the stability region; see Ref. [11] ). As in the case of SPM, saturation of the nonlinearity is taken into account (s 0 is the unsaturated reciprocal of the bleaching intensity). The action of a spectral filter with the bandwidth 1at g is described in Eqn (1) by the real part of the second derivative. We shall assume that gain saturation is imposed by the total energy of a field localised in a time interval much shorter than the cavity period T cav 10 ns. Then, the gain evolution equation
(where s 14 and s 32 are, respectively, the absorption cross section of the pump radiation and the gain-saturation cross section; a m 0X5 is the maximum gain; n p and n are the pump and lasing frequencies, respectively; I p is the pump intensity; T 31 is the gain relaxation time) can be used to find the relationship between the gains experienced in the ( k 1)th and k th passes:
Here, t p is the duration of a quasi-soliton ultrashort pulse; t hnb(s 32 t g ) À1 is the dimensionless gain-saturation parameter which is 0.0018 in our case; U s 14 T cav I p ahn is the dimensionless pump parameter, selected to be 4 Â 10 À4 , which corresponds to a pump power of 1 W when the diameter of a Gaussian pump mode is 50 mm.
It is known (see, for example, Ref. [3] ) that Eqn (1) has a quasi-soliton solution in the form a (k, t) a 0 sech(tat p ) 1ic e ijk , where a 0 is the amplitude, c is the chirp, and j is the phase delay in a round trip through the cavity. In our investigation of the ultrashort pulse stability we shall use what is known as the aberration-free approximation [6] . We shall substitute a quasi-soliton solution into the initial equation (1) but we shall assume that the quasi-soliton parameters may depend on k. This leads to a mapping relationship between the parameters of ultrashort pulses during the (k 1)th and k th passes:
The phase delay in one cavity period is
The system of relationships (3) and (4) represents actually a realisation of the direct Euler method, the precision of which is $ O(h 2 ), where h is a step in the numerical calculation scheme. For the parameters selected by us this corresponds to an error of $ 1% in a time interval of about 10 ms (10 6 passes). Moreover, the assumption that the changes in the field parameters are small in one trip through the cavity ö which is the basis of our representation of the evolution of ultrashort pulses with the aid of Eqn (1) ö was checked by increasing the iteration step. This demonstrated that convergence was practically unaffected by a change in the iteration step or by a transition to the modified Euler scheme or to the second-order Runge^Kutta scheme. One of the criteria of fast convergence of this procedure was also its insensitivity to variation (within the permissible limits) of the initial parameters of ultrashort pulses usually selected to be close to the characteristics of a laser noise burst.
We shall consider the influence of SPM on the stability of ultrashort pulses. It is then convenient to assume that s 0 1 and to introduce, into the term Àijaj 2 , a bifurcation parameter d bas 0 . Fig. 1 gives the steady-state duration and the chirp of ultrashort pulses, described by the set of relationships (4), as a function of d. In the absence of the groupvelocity dispersion and for zero or weak SPM, inside region A a pulse is unstable (see also Fig. 2) : the parameters of a pulse, particularly its intensity (Fig. 3a) , experience regular oscillations at several frequencies (an analysis shows that in our case the spectrum of these oscillations consists of seven frequency components). Even a slight increase in the pumping rate results in rapid broadening of the high-frequency spectral components, so that already for U 4X1 Â 10
À4
we can expect complete chaotisation of the behaviour of the ultrashort pulse parameters (region B in Fig. 4 ). Such destabilisation with increase in the pumping rate had been observed experimentally [8] . It is worth noting that the structure of the spectrum of oscillations of the ultrashort pulse parameters depends on the linear losses l and if the losses are small, the transition from regular oscillations of ultrashort pulses to chaos may be induced not only by an increase but also by a reduction in the pumping rate. Introduction of the group-velocity dispersion alters the nature of the behaviour of ultrashort pulses. In the range 0`d 4 2X5 the pulses indeed become stabilised, but the ultrashort pulses are then considerably longer (transition from curve 1 to curve 2 in Fig. 1a ; curve 1 in Fig. 2a) . We are assuming that such stabilisation is a consequence of the observed reduction in the energy and intensity of a pulse because of dispersion spreading. This spreading reduces the contribution of the nonlinear factors in the system of equations (1) and (2), and enhances the chirp of the pulses (curve 2 in Fig. 1b and curve 1 in Fig. 2b) . However, an increase in the pumping rate makes this system behave in a transient manner which is of strongly turbulent nature (Fig. 3b) when the relatively long intervals of regular behaviour change to chaotic behaviour and suppression of lasing.
The situation under discussion, when SPM has practically no influence on the dynamics of generation of ultrashort pulses, applies more to picosecond lasers with fast semiconductor modulators. Therefore, in the case of lasers with mode locking by self-focusing it is necessary to take account of SPM. An analysis [12, 13] shows that the phase nonlinearity is capable of`dephasing' the ultrashort pulse oscillations and the result is chaotisation of the behaviour of their parameters (regions B in Figs 1 and 2 ; see also the results in Fig. 3c ). When the parameters correspond to the curve 1 in Fig. 1 , chaotic behaviour occurs even for d 0X016. As in the absence of SPM, an increase in the dispersion (including the anomalous effect) stabilises ultrashort pulses (part of curve 2 in Fig. 1a corresponding to 0`d 4 2X5, and curve 2 in Fig. 2a) . However, the stabilisation mechanism differs considerably from the mechanism of formation of a Schro« dinger soliton, as indicated by the chirp which is far from zero (curves 2 in Figs 1b and 2b) . We are still discussing the mechanism described above, which results in the stabilisation of ultrashort pulses because of dispersion spreading. A reduction in the pumping rate, at a constant value of the losses l, then also stabilises ultrashort pulses because of a reduction of the contribution of the nonlinear factors.
An increase in SPM relative to the parameter s (curve 1 in Fig. 2a and curve 3 in Fig. 2a ) destroys a quasi-soliton ultrashort pulse (region C) and this occurs also when the anomalous group-velocity dispersion increases (curve 2 in Fig. 1a and curve 3 in Fig. 2a) . In any case, full compensation of the chirp destabilises ultrashort pulses.
A further relative increase in SPM, which implies a reduction in s, i.e. an increase in the intensity needed to saturate an effective absorber, leads to two different ultrashort pulse stabilisation effects. The first (curve 1 in Fig. 1 ) is related to the fact that, for near-zero dispersion, an increase in the chirp in a system with a finite pass band of the frequency-selective components induces negative feedback because of an increase in the spectral losses with increase in the ultrashort pulse intensity. In the second case (regions D in Figs 2 and 1) an increase in the anomalous group-velocity dispersion leads initially to the appearance of quasi-regular oscillations of the pulses (Fig. 3d) and to a stronger chirp. This is followed by stabilisation of ultrashort pulses when the chirp is close to zero and it may be interpreted as the result of formation of a Schro« -dinger soliton in the system.
The appearance of oscillations corresponding to region D in Fig. 2 , represented by the results in Fig. 3d , was observed experimentally [10] . The transition to this regime is then the result of a deviation from the regime of effective mode locking by displacement of one of the chirp-compensating prisms. Such a displacement does not alter the characteristics of a mode, but it increases the normal group-velocity dispersion because of an increase in the path traversed by the field inside the prism glass, so that the anomalous dispersion is reduced (motion from left to right along curve 3 in Fig. 2a) . The spectral width of a pulse changes significantly because of its chirping and the spectrum of a pulse is shifted to the Stokes region.
In interpreting this effect we must bear in mind that, when a prism is displaced from a position ensuring stable mode locking and chirp compensation in the experiments reported in Ref. [10] , it reduces the total anomalous group-velocity dispersion and, consequently, increases the contribution of the higher-order dispersion (particularly the third-order contribution). For this reason we shall subtract the third-order dispersion, which can be done by introducing into Eqn (1) a perturbation term d 3 q 3 aaqt 3 (d 3 is the dimensionless coefficient of the third-order group-velocity dispersion) while retaining the shape of an ultrashort pulse ak, t a 0 sech t À Wk t p 1ic expfijk ot À Wkg , where 5 is the time delay of a pulse in a round trip through
It is clear from the above expressions that the third-order dispersion gives rise to a time delay of an ultrashort pulse in one cavity period and shifts the pulse partly relative to the centre of the pass band of a frequency-selective component. Fig. 5 gives the time dependences of the chirp and of the frequency shift, as well as the phase portrait of the system in terms of the coordinates o and c, respectively. We can see that growing oscillations of the frequency detuning and of the chirp of ultrashort pulses then appear periodically in the system (with a period approximately 1.2 ms; Fig. 5 shows only a small part of the whole period). The result is rapid destabilisation of ultrashort pulses manifested by a Stokes detuning of the carrier frequency, a considerable broadening of the spectrum, and a strong chirp. The intensity of a generated pulse then falls because of strong negative feedback in the frequency-selective component; the parameters of the system relax and after a time the process is repeated. It is evident from Fig. 4 that self-oscillations of this type are in qualitative agreement with the experimental results reported in Ref. [10] , demonstrating dynamic modification of the maximum in the lasing frequency, i.e. a time dependence of the intensity of the generated radiation in the selected frequency channel.
We thus carried out a numerical experiment based on mapping of the parameters of a quasi-soliton ultrashort pulse in the aberration-free approximation. We analysed self-oscillations in a solid-state laser with mode locking by self-focusing. We found that a change in the relationship between the contributions made by SPM and by`bleaching' losses in the cavity to the dynamics of ultrashort pulses may stabilise these pulses or may give rise to regular or chaotic oscillations. Stabilisation is possible by two mechanisms: the appearance of negative feedback in a frequency-selective component in the case of a chirped pulse and formation of a quasi-Schro« dinger soliton when the chirp is weak. However, full compensation of the chirp by the anomalous group-velocity dispersion destabilises ultrashort pulses. It is shown also that control of the dynamics of ultrashort pulses may be performed effectively by altering the group-velocity dispersion. Destabilisation of ultrashort pulses is then accompanied by the appearance of an interesting (from the point of view of applications) regime of dynamic tuning of the lasing wavelength, which was observed experimentally. 
